This paper considers propagating waves in elastic bars in the spirit of asymptotic analysis and shows that the inclusion of shear deformation amounts to singular perturbation in the Euler-Bernoulli (EB) field equation. We show that Timoshenko, in his classic work of 1921, incorrectly treated the problem as one of regular perturbation and missed out one physically meaningful 'branch' of the dispersion curve (spectrum), which is mainly shear-wise polarized. Singular perturbation leads to: (i) Timoshenko's solution u are the non-dimensional slenderness, frequency and wavenumber, respectively. Asymptotic formulae for dispersion, standing waves and the density of modes are given in terms of e. The second spectrum-in the light of the debate on its existence, or not-is discussed. A previously proposed Lagrangian is shown to be inadmissible in the context. We point out that Lagrangian densities that lead to the same equation(s) of motion may not be equivalent for field problems: careful consideration to the kinetic boundary conditions is important. A Hamiltonian formulation is presented-the conclusions regarding the validity (or not) of Lagrangian densities are confirmed via the constants of motion.
Introduction and field equations
Elastic waves in thin structures play a central role in many problems in engineering and physics as diverse as those involving geodynamics, piezoelectricity, ultrasonics of crystals, nanomechanics, aeronautics and a host of other structural dynamics problems. Of the various wave types, flexural or bending waves associated with the motion of material points transverse to the propagation direction is of great importance because thin structures are relatively soft in flexure than in axial deformation. In particular, wave motion in beams, plates and shells is of great interest in the area of elastodynamics. The impact of Stephen Timoshenko's work in the area is undisputed (over a thousand citations in the last 25 years). His seminal paper (Timoshenko 1921 ) effected a major advancement to the theory following the works of Euler, Bernoulli and Rayleigh. Euler and Bernoulli (EB) assumed that cross sections normal to the axis of an elastic beam remain plane and normal during motion. This amounts to neglecting shear deformation (e.g. Landau & Lifshitz 1989) . This model becomes increasingly inaccurate and predicts an infinite wave speed for an infinitesimal wavelength. Rayleigh (1877) refined the EB model by including the kinetic energy due to the rotation of the cross section. This achieves a finite wave speed; however, the predictions are quantitatively inaccurate for progressively short waves.
Timoshenko recognized the deficiency of the EB model and introduced a correction in his 1921 paper, now regarded a classic in the field. The genius of his work lies in identifying shear of the cross section with respect to the axis as the most important degree of freedom missing in the EB model while still allowing that cross sections remain approximately plane during motion. Inclusion of shear increases the range of applicability of one-dimensional models substantially. Interestingly, Timoshenko incorrectly treated the problem as one of regular perturbation (surprisingly unnoticed so far), but was fortunate in retaining a family of roots that results in the improvement of the EB theory. He was unlikely to be aware of any formal notions of singular perturbation because the subject was still in its infancy. Prandtl's boundary-layer solution in fluid mechanics (Prandtl 1904; more formally Blasius 1908) is perhaps the first known case of singular perturbation. The WKBJ method (Jeffreys 1924; Brillouin 1926; Kramers 1926; Wentzel 1926 Wentzel ) appeared in 1924 Wentzel -1926 . Formal developments in the singular perturbation theory came much later.
Since Timoshenko's original motivation was to improve the theory of EulerBernoulli-Rayleigh, the family of roots discussed in the 1921 paper has been studied in great details. By contrast, a second set of roots that appears as a consequence of the modified deformation kinematics has received relatively little attention. Levinson & Cook (1982) , Stephen (1982 Stephen ( , 2006 , Chervyakov & Nesterenko (1993) , Nesterenko (1993) , Chan et al. (2002) and Stephen & Puchegger (2006) should be credited for studies on the second set of roots (sometimes known as the 'second spectrum'). Trabucho & Viano (1990) used asymptotic analysis in the context of Timoshenko beams but for a different purpose: to determine the shear coefficient. Indeed, Huang (1961) provided the complete solution of the frequency equation and the normal modes for standing waves in beams of finite extent under various support conditions (a minor typographical error was recently corrected by Smith (2008) ). However, the debate on the existence and the validity of the second set of roots has continued. Smith (2008) found that their finite-element calculations for a thin cylinder do not match with those predicted by the Timoshenko theory. Since Smith (2008) used a thin cylinder as a 'beam', it may be that the discrepancy is due to the shell modes contributing to the response and thus theirs is perhaps a case of unfair comparison.
The Timoshenko model assumes a displacement field in the x-, y-and z -directions as (Dym & Shames 1972) u 1 ðx; y; z; tÞ ZKzjðx; tÞ; u 2 Z 0; u 3 Z wðx; tÞ;
ð1:1Þ
where w is the transverse displacement; jZw, x (x, t)Kb(x, t) is the rotation of the cross section due to bending only, where b is the shear angle of the cross section and subscript after a comma denotes differentiation; x is the propagation direction; z is the transverse direction; y is the direction perpendicular to the plane of the motion; and t is time. Now, e xx ZKzj, x and e xz Z1/2(w, x Kj) are the only non-zero components of the strain tensor. The Lagrangian LZ T KUZ ð1=2Þ
Here, T is the kinetic energy; U is the strain energy; r is the density; E is Young's modulus; I is the second moment of the cross-sectional area; G is the shear modulus; A is the cross-sectional area; k is the Although (1.5) 'follows' from equations (1.3), it is not a complete description of the motion resulting from (1.1) and (1.2). The BC involving j and j, x cannot be expressed, for example, in terms of w and its gradients. However, both (1.3) and (1.5) lead to the same dispersion relation-both correctly produce the two branches of the dispersion curves.
In this paper, we trace the origin of the second spectrum and show how this 'branch' of the solution, which is singularly perturbed, is lost due to an incorrect use of the asymptotic analysis. In the literature, this branch is often suggested to be associated with the so-called 'ghost field' of a higher order Lagrangian (e.g. Nesterenko 1993) . Correct asymptotic analysis is presented here to obtain dispersion relations, propagation modes and the density of standing waves. It is shown that the second spectrum is singularly perturbed; hence, it has no resemblance with the EB spectrum. The first spectrum is regularly perturbed and differs from the EB spectrum by a term of the order of the square of wavenumber times the radius of gyration. The doubts raised about the physical meaningfulness of the second spectrum in the literature are critically examined. We also show that the Lagrangian proposed by Nesterenko (1993) and Chervyakov & Nesterenko (1993) is not admissible; hence, clarifying why some conclusions based on this Lagrangian are questionable. A Hamiltonian description of the Timoshenko continuum is presented, and it is shown that the constant of motion is incompatible with the 'Ostrogradski Hamiltonian' presented elsewhere-the latter being associated with the Lagrangian of Chervyakov & Nesterenko (1993) and Nesterenko (1993) . A Lagrangian density, contrived to produce the EB field equation but unacceptable for the context of EB mechanics, is presented-thus illustrating an important point about the variationally derived BC. is the characteristic time; and l is a characteristic length in the x -direction (arbitrary; can be taken as the natural length for finite-sized bars). An asterisk in the superscript denotes the corresponding non-dimensional quantity (j does not need nondimensionalization). Eliminating j from (2.1), a fourth-order field equation in space and time (the non-dimensional version of equation (1.5)) is obtained as Inclusion of shear deformation and rotary inertia was a major step forward in the one-dimensional theory. However, the procedure of ignoring the highest order term from (2.3) or (2.4) as employed by Timoshenko (and others; e.g. Dym & Shames 1972, § §7.7 and 7.12) , amounts to seeking a regular expansion lZ l 0 C ml 1 C m 2 l 2 C/. This is inadmissible because the term O(e 4 ), associated with the highest order term l 2 , singularly perturbs the algebraic equation (2.4). Therefore, we must include singular terms such as lZ l Kn m Kn C/, nO0 in the expansion for l (see Nayfeh 1993 or Bender & Orszag 1999 . To remove the singularity, we must equate the dominant terms. This leads to nZ2 in the present case; hence, lZ l K2 m K2 C/ is appropriate. Alternatively, lZl 0 /m 2 transforms the singularly perturbed problem (2.4) to a regularly perturbed one in the new variable l 0 as
Retaining terms up to O(m)ZO(e 2 ) in the regular expansion of l 0 , we obtain the following asymptotic expansion for the two roots of l (subscripts inside parentheses indicate the two roots):
2 , aZk Ã2 and mZe 2 , the asymptotic dispersion relation is given by
corresponds to the frequency identified by Timoshenko and it improves the parabolic EB dispersion relation u Ã EB Z k Ã2 . For many practical materials and cross-sectional shapes, sz4. The shear correction is then given by u
The second root is a result of singular perturbation and shows a cut-on 1 at
. With the choice of kZp 2 /12, the cut-on frequency is exactly equal to the cut-on frequency of the second antisymmetric mode of the Rayleigh-Lamb frequency equation (Graf 1975) . Below the cut-on, the wave is evanescent and does not propagate.
The two dispersion curves associated with equation (2.1) are presented in figure 1a ,b. The lower branch (labelled 'Timoshenko: first spectrum') is an improvement on the EB theory (the parabola labelled 'EB'). The second branch with a cut-on frequency corresponds to the second spectrum of Timoshenko equations (labelled) and must be associated with the thickness-shear mode for long waves (see the discussion following equations (2.10) and (2.11)). A onedimensional thickness-shear theory is easy to develop by setting wZ0 in equation (1.1). The Lagrangian then becomes
where the subscript TS means thickness shear. The process of taking the variation leads to the field equation
The corresponding dispersion curve corresponding to this one-dimensional theory is obtained as the hyperbola e 4 su
Ã2
Ke 2 sk Ã2 Z 1 (labelled 'one-dimensional TS'). The second spectrum and the one-dimensional TS branches are very close (figure 1a); the difference is due to the extra flexural degree of freedom granted to the Timoshenko model. The long-wave asymptotes are labelled LWA1 and LWA2 for the first and the second spectra. Note that they diverge with increasing ek The EB model affords only one degree of freedom (transverse displacement) per cross section. The Timoshenko model, by contrast, is described by two coupled partial differential equations (PDEs); hence, there are two valid branches of the dispersion curve. The extra degree of freedom reduces the frequency (given a wavenumber) according to Rayleigh's well-known theorem (the lowest eigenvalue of a constrained system is greater than or equal to the lowest eigenvalue of the unconstrained system). Hence, the Timoshenko bending branch is lower than both the EB and the one-dimensional thickness-shear branches (both are 'constrained' models: the constraints being 'no-shear' and 'no-flexure', respectively). When extra flexibility is introduced, each new degree of freedom provides a new branch of the dispersion relation (less accurate with respect to a three-dimensional theory than the already existing branches) and the existing branches progressively improve with each extra degree of freedom.
2 The second spectrum, therefore, is a bonus due to the extra cross-sectional freedom, but it must not be expected to be as accurate as the bending branch-it is still good enough for many practical situations. Note that the relatively poor accuracy of the second spectrum with respect to detailed theories cannot be a measure of its physical meaningfulness (contrary to the suggestion of Stephen (2006) and Stephen & Puchegger (2006) ).
Small changes in the equations of motion lead to small changes in the response when the solution of a differential equation is regularly perturbed. When it is singularly perturbed, the response will be significantly different (hence, not 'perturbed' in the ordinary sense of the word). The branch representing the first spectrum is regularly perturbed over the EB dispersion curve for long waves. As opposed to this, the branch corresponding to the second spectrum has no resemblance with the EB solution because it is singularly perturbed (e.g. at zero wavenumber, the EB branch and the first spectrum pass through the origin, whereas the second spectrum has a cut-on frequency). The small difference between the second spectrum and the one-dimensional thickness-shear branches is attributed to the lack of small coupling between the shear deformation and the transverse deflection, which is missing in the latter.
The evanescent waves can be obtained by setting k
The resulting wavenumber-frequency relationship is an ellipse e 4 su
C e 2 sðik Ã Þ 2 Z 1 on the imaginary wavenumber-real frequency plane for the thickness-shear model (2.9)-a quarter of which is shown in figure 1b and labelled 'thickness-shear'. The EB dispersion relation on this plane continues to be a parabola (ik
. This curve is plotted in figure 1b using the label EB. The two branches of the dispersion curves of Timoshenko's equations are plotted using solid lines. Note that the agreement is quite good up to the value of jiek Ã j approximately equal to 0.2 (i.e. wavelength five times the radius of gyration). Interestingly, the branches of the Timoshenko equations merge and become complex (conjugate pair) for shorter evanescent waves (only the real part of the frequency is shown). The complete spectrum (i.e. a complex wavenumber for a prescribed real frequency) can be calculated by transforming a lambda-matrix problem of the form ½k 2 A 2 C kA 1 C A 0 ðuÞuZ 0 that arises out of (1.3) to a standard eigenvalue problem in a space of double the dimension (as in Bhaskar 2003)-the matrices A 0 , A 1 and A 2 contain coefficients of the terms in equation (1.3). A complex wavenumber can result for the case of material damping (owing to a first derivative term that leads to an imaginary term in the Fourier domain), as well as for evanescent waves (spatially damped waves) even in the absence of material damping (real u can lead to complex k solutions for a lambda-matrix problem).
To understand the propagation eigenmodes, the eigenvectors of equation (1. 
show that the dominant behaviour of the first mode is W ð1Þ : J ð1Þ Z 1 : iek Ã (which is identical to the propagation mode of the EB model for which jZw, x ). The second dispersion branch has the dominant behaviour W ð2Þ : J ð2Þ Z iek Ã : 1, which is mainly shear-wise polarized as k Ã /0. These motions of the cross section are shown at the left end of figure 1a . The motion associated with long-wave propagation is in agreement with the normal modes presented by Downs (1976) and Chan et al. (2002) . The mode of cross-sectional motion associated with the two propagation modes for long waves (transverse deflection without shear for the first spectrum and shear without transverse deflection for the second spectrum) has been observed theoretically by Chan et al. (2002) . They should also be credited for providing experimental evidence for the second spectrum within a limited range of frequency. Although a direct comparison is not easy because the results of Chan et al. (2002) are for beams of finite extent as they do not measure the dispersion relation, the normal modes M3-M6 in their fig. 4 and table 3 correspond to the standing-wave counterpart of the second spectrum.
The type of motion changes with wavenumber and shear and transverse motions get mixed. Stephen (1982) found this changing behaviour in the second spectrum strange and having a 'split personality'. Changing character of motion on the travelling-wave dispersion diagram is a norm rather than exception (see Bhaskar (2003) for this perfectly normal behaviour along dispersion curves). Indeed, the split personality description is as much valid for the first spectrum as it is for the second spectrum: both branches cease to be pure shear or pure bending branches for a non-zero wavenumber. The changing character of the propagation mode along a dispersion curve is not uncommon (although Stephen (1982) finds this unusual). The reason is that the mode shapes for the travellingwave problem is an eigenvector of a parameter-dependent eigenproblem-the wavenumber usually playing the role of the parameter on which the eigenvalues and the eigenvectors depend. This is unlike the case of standing waves (normal modes) viewpoint where the mode shape is fixed (and hence its character) given a mode number (or a natural frequency). The more interesting case is when the character of the normal modes changes sharply with the wavenumber-it is suggested by Bhaskar (2003) that this is due to eigencurve veering on the wavenumber-frequency plane. This will be studied in its generality in a future paper. Further discussion is beyond the scope of the present paper.
For infinitesimally short waves, u 
Timoshenko's solution is identical to u Ã n;ð1Þ and shows an improvement over EB values u Ã EB Z np 2 , but the second set was lost by Timoshenko (1921) owing to incorrectly treating the problem as one of regular perturbation. Equation (2.12) is quadratic in n 2 for a specified value of u Ã n Z u Ã , say. If we treat u Ã as a continuous variable, for 
The subscripts '!' or 'O' denote values less than or greater than the cut-on frequency. After using properties of the sum and the product of the roots of a quadratic, the cumulative mode count is given by
Are the frequencies from the second set too high to be practically important? To examine this, the mode number at the cut-on frequency is obtained as (Int is the greatest integer function)
For slenderness eZ1 : 15, the mode count at cut-on N c Z5.3; hence, the first mode in the u Ã 2 series lies between the fifth and the sixth in the u Ã 1 seriescertainly, a moderate frequency range for many practical applications.
The cumulative mode count is shown in figure 2. Smooth curves depict equation (2.14); 'staircasing' refers to the numerically computed modes (a little dot appears where a mode from the second series is encountered). Both curves show a break at the cut-on frequency where the second spectrum starts contributing to the total mode count. The cut-on is at a smaller frequency for shorter beams (greater e), indicating increased importance of the second spectrum. This is particularly relevant when the excitation is in the thickness-shear mode (as in piezoelectric applications). Omitting the second spectrum will lead to incorrect mode count and the response (e.g. while using contour integrals in the complex wavenumber plane; Graf 1975) in many circumstances.
The physical meaningfulness of the second spectrum and the equivalence of Lagrangians
The second spectrum seems to have largely gone unnoticed owing to Timoshenko's early treatment of the field equations. Levinson & Cook (1982) , Stephen (1982) and Nesterenko (1993) did realize the mathematical existence of these roots (clues coming from the quadratic equation (2.5)) but were unsure of their physical meaning. Since (i) the first root in equation (2.7) can be obtained by incorrectly treating the problem as one of regular perturbation while the second root cannot be, (ii) the second spectrum is less accurate with respect to three-dimensional theories, (iii) the so-called Ostrogradsky energy is negative (Nesterenko 1993) , and (iv) only those frequencies 'which turn into frequencies of the EB equation' should be regarded as physical (Nesterenko 1993 ) when e and s approach zero, the second spectrum has been rejected (Levinson & Cook 1982; Stephen 1982 Stephen , 2006 Chervyakov & Nesterenko 1993; Nesterenko 1993; Stephen & Puchegger 2006) as being non-physical and a mathematical artefact of the correction to the EB field equation. There are several fallacies in these objections which will be discussed in the following. The four times differentiation with respect to time in equation (1.5) is misleading in that the inherent Lagrangian for the problem may be of higher order. The fallacy is in assuming a complete equivalence of the coupled field equations (1.3) and a single fourth-order equation (1.5) (such as the 
Although the choice of Lagrangians is not unique (e.g. Lagrangians related via, but not limited to, gauge invariance property L 0 ZLCdF/dt describe the same circumstances of motion, dF/dt being the total time derivative of any function that depends on the generalized coordinates and time; Konopinski 1969; Lemos 1981) , the need for a higher order Lagrangian seems artificial in the present context. Chervyakov & Nesterenko (1993) and Nesterenko (1993) proposed a Lagrangian density (presented here in the non-dimensional form)
Ke 4 sw; While constructing Lagrangians (often as a correction to another Lagrangian), it is possible in some contexts that the modified Lagrangian leads to physically unacceptable modes (known as ghost fields; e.g. Nesterenko 1989; Simon 1990 ). The case of the Timoshenko model in elastodynamics, however, is unambiguous: there are no ghost modes and both modes of propagation are physically meaningful. These conclusions can be easily generalized to flexural waves in plates and shells because Mindlin's equations (e.g. Dym & Shames 1972, §7.12) are generalization of Timoshenko's for the plate problem. Equation (1.5) is sometimes regarded as the governing field equation for the Timoshenko model. Interestingly, it is often presented without any BC. The BC obtained from the 'higher order Lagrangian' are clearly incorrect and, surprisingly, remain unquestioned (e.g. by Stephen 2008) . The physics of Timoshenko beams lacks four BC involving the field variable w (and its gradients) alone as demanded by (1.5). The correct BC involve a mix of w and j (and their gradients). There is no known Lagrangian that directly produces equation (1.5) together with the correct BC. Indeed, any attempt to construct a Lagrangian involving w alone is doomed to failure because j cannot be eliminated from the BC (1.4). Perhaps the only reason why the fourth-order PDE (1.5) is given any consideration is because it appears as a correction on EB equation-the latter is obtained by suppressing the last two terms. These two terms are not introduced as ad hoc correction factors while developing Timoshenko model-the basis is the kinematics of equation (1.1) followed by the application of the variational principle.
Stephen (2008) did not question the validity of the Lagrangian density (3.2). Instead, he showed that the fourth-order time differentiation in (2.3) is analogous to a coupled oscillator problem being described by a single ordinary differential equation (ODE) of the fourth order (instead of a pair of ODEs, each being a second order)-thus misplacing the focus of the issue. The fourth-order ODE can be reproduced by a Lagrangian having higher order time derivative. However, (i) we cannot assign the three initial conditions to the fourth-order ODE at will, they need to be 'borrowed' from the initial conditions associated with the pair of ODEs, 3 and (ii) not only the variations are required to be co-terminus, but also their first and the second time derivatives are required to be co-terminus. 4 The issue of the order of the spatial differentiation is more subtle owing to the conditions at the boundary. There are only four possible combinations of physically meaningful BC consistent with (3.1): (i) dw Ã Z0 and djZ0 for a fixed (cantilevered) end, (ii) dw Ã Z0 and j; x Ã Z 0 for a supported end, (iii) w; Ã x Ã KjZ 0 and j; x Ã Z 0 for a free end, and (iv) w; Ã x Ã KjZ 0 and djZ0 for a non-rotating sliding end. The fourth BC is theoretically possible but is rarely encountered in engineering practice. If there are other mechanical elements (such as a mass or a spring) that involve energy terms, then the Lagrangian must be modified accordingly. By contrast, the BC consistent with (3.2) are of dubious physical meaning.
The choice of the Lagrangian as the difference between the kinetic energy and the potential energy is common in classical mechanics but it is not limited to this. For conservative systems with finite degrees of freedom, all Lagrangians that produce the same equations of motion (ODEs) are equivalent because they predict identical causal responses. For field problems (represented by PDEs), the reproduction of the same field equations alone is not sufficient for the equivalence of Lagrangian densities. This point does not seem to have been recognized in the literature. In addition to the field equations, we require that the set of variationally consistent BC must also be identical if two Lagrangian densities were to be equivalent. To illustrate this, consider the following Lagrangian density (associated with EB beams):
3 For example, the generalized coordinate q 2 can be 'eliminated' from the pair of ODEs € q 1 C q 1 K q 2 Z 0 and € q 2 K q 1 C gq 2 Z 0 to obtain ffi q 1 C ð1C gÞ€ q 1 C ðg K 1Þq 1 Z 0, but one is not free to prescribe arbitrary initial conditions q 1 ð0ÞZ q 10 , _ q 1 ð0ÞZ v 10 , € q 1 ð0ÞZ a 10 , t _ q 1 ð0ÞZ j 10 to the fourthorder ODE at will (in the way evolution equations admit arbitrarily prescribable initial state from where the future states unfold). The constraints € q 1 ð0ÞC q 1 ð0ÞZ q 2 ð0Þ and t _ q 1 ð0ÞC _ q 1 ð0ÞZ _ q 2 ð0Þ on the initial conditions need to be additionally respected. 4 To derive the fourth-order ODE variationally from a higher order Lagrangian, one additionally requires d _ q 1 ð0ÞZ d€ q 1 ð0ÞZ 0. Traditionally, Hamilton's principle demands co-terminus variations of the generalized coordinates q 1 and q 2 only, i.e. dq 1 Z dq 2 Z 0.
Since the variation dw Ã is arbitrary, we obtain the governing equation of motion w;
and the BC as either dw Ã Z0 (kinematic BC) or w;
The two kinetic BC can be physically interpreted as the absence of shear force or bending moment when the ends are not restrained in transverse motion or rotation, respectively. Now consider a hypothetical Lagrangian density (note the extra two terms)
Carrying out the variations, we have
This leads to the same field equation as (3.5) but the BC are now dw
The two Lagrangian densities (3.3) and (3.6) are not equivalent because the response predicted would, in general, be different due to different kinetic BC.
One may argue that once having derived the correct field equation(s) (say, from (3.7)), one could use physically meaningful BC (not necessarily the one(s) resulting from the Lagrangian that produced the field equation(s) in the first place). This argument is unacceptable because the field equations and the BC come as a 'single package' as a result of variational process. Having taken a Lagrangian for granted, we must accept all the consequences that arise out of it and not selectively discard the ones regarding the BC. In many situations, the BC can be derived satisfactorily only by demanding variational consistency with the Lagrangian (e.g. the Kirchhoff-shear BC at the free edge of a plate).
Analogous to discrete problems, the canonical momentum density and the Hamiltonian density corresponding to L Ã EB are given by
and similar expressions forp EB andH Ã EB (tilde for quantities associated with L Ã EB ). We obtain the expressions for momentum density corresponding to the Lagrangians (3.3) and (3.6) as p EB Zp EB Z w; Ã t Ã : The corresponding nondimensional Hamiltonian densities are
While there is no requirement that the Hamiltonian be identical with the total mechanical energy (the choice of the Hamiltonian as the total energy may be seen as a mere convention in mechanics), it is a conserved quantity (e.g. the total energy plus an arbitrary constant is also a conserved quantity) and, therefore, is a constant of motion. The two Hamiltonians corresponding to L Ã EB andL Ã EB are the constants of motion given by
where E Ã is the total (non-dimensional) mechanical energy. Carrying out integrations, we havẽ There is a further interesting implication of the above discussions to computational mechanics. Methods such as the finite-element method, Rayleigh-Ritz method, boundary-element method, etc. are often formulated variationally by expressing the Lagrangian in terms of free parameters (generalized coordinates of the discretized problem) and applying the variational principle leading to ODEs. Consider Rayleigh's method applied to a fixed-free cantilever beam subjected to a non-dimensional tip force F Ã (t) using, for example, a one-term displacement representation w Ã ðx Ã ; t Ã ÞZ qðt Ã Þx Ã2 : Only the kinematic BC at the root of the beam (x Ã Z0) need to be satisfied. The Lagrangians corresponding to (3.3) and (3.6) for a beam of unit length are then L correctly producing the field equation (3.5). One could further construct realistic computational examples (such as in finite elements) and show that the element stiffness matrices arising out of such inadmissible Lagrangians are different from the desired ones. It is therefore reasonable to demand that, given a discretization (i.e. a discretization method and an expansion of the field variable in a chosen basis), the discretized equations arising from all equivalent Lagrangian densities must be equivalent.
Returning to the original context of Timoshenko beams, L Ã T andL Ã T are not equivalent Lagrangian densities because they lead to different kinetic BC-those arising out of the latter cannot be associated with the Timoshenko model. Hence, we propose that two Lagrangian densities be called equivalent if, and only if, they produce the same field equation(s) as well as the same complete set of possible BC. The Hamiltonian density corresponding toL An easy to develop model of thickness-shear motion having one degree of freedom per cross section shows good agreement with the second spectrum of Timoshenko equations, well up to wavelengths about five times the radius of gyration for propagating waves as well as evanescent waves.
The relatively poorer accuracy of the second spectrum (when compared with that of the first spectrum) is explained by the use of Rayleigh's theorem for systems with constraints. It was shown that the density of modes changes nonsmoothly at the cut-on frequency. Ignoring the second spectrum would lead to significant inaccuracies while using methods such as the SEA.
A Hamiltonian formulation of the Timoshenko deformation field was presented, and it was shown that the Hamiltonian density (and its spatial integral: the Hamiltonian) are well-behaved positive quantities. It was shown that a previously proposed Lagrangian is inadmissible to describe the dynamics of Timoshenko beams. An example was presented to show that Lagrangians leading to the same field equation but different BC lead to intrinsically different constants of motion-hence, they are inequivalent. Finally, the Hamiltonian density of Timoshenko dynamics is found to be in disagreement with the previously proposed Ostrogradski Hamiltonian-the latter being based on an unacceptable Lagrangian.
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